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The  basic  difficulty  in  optimizing  the  noise  performance  of  receiving 
systems  which  must  use  an  electrically  small  antenna  is  the  lack  of  n  com¬ 
plete  noise  theory  for  a  reactive  source.  This  report  luua*  attempted  to 
add  to  this  theory  in  three  areas: 

,_!  ■  i' 

First,  the  various  types  of  small  antennas  have  teen  put  on  a  common 
basis  of  comparison.  The  parameters  of  effective  length,  effective  area, 
effective  volume,  and  intrinsic  bandwidth  have  been  defined  for  antennas 
sensitive  to  electric  fields  and  for  those  sensitive  to  magnetic  fields. 
These  parameters  haVe-Wan  evaluated  for  a  number  of  common  antenna 
structures. 

Second,  a  general  method  of  describing  the  noise  performance  of  any 
amplifier  hai-fcaen  developed  in  both  of  its  dual  forms.  This  particular 
characterization,  based  on  complex-correlated  input  noise  voltage  and 
current  generators,  was  chosen  out  of  many  possibilities  because  it  is 
easily  applied  to  the  problem  of  determining  noise  performance  with  an 
arbitrary  source.  These  noise  parameters  h«^e-.lw»«n  evaluated  for  severul 
types  of  amplifying  devices. 

Third,  the  ultimate  theoretical  limits  on  sensitivity  hav-e  been  ex¬ 
plored,  and  a  general  method  of  determining  the  bounds,  in  terms  of  the 

4*  ,  . 

parameters  introduced  in  the  previous  sections,  has-been  developed.  These 
bounds  hax£~.been  evaluated  in  several  examples. 
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1 .  INTRODUCTION 


The  continual  demand  for  better  communications,  detection  systems, 
low-noise  amplifiers,  and  related  applications  lias  prompted  a  good  deal 
of  research  into  the  causes  and  effects  of  noise  in  physical  devices. 

This  is  particularly  true  in  the  field  of  electronics,  where  inherent 
device  noise  sets  fundamental  limits  to  the  system  performance  that  can 
be  obtained.  As  a  result,  the  sources  of  noise  arc  well  understood,  and 
they  have  been  thoroughly  treated  by  such  authors  as  van  der  Ziel  [1954],* 
and  the  general  theory  of  networks  containing  noise  sources  has  been  well 
developed  by  such  authors  as  Haus  and  Adler  [1959]. 

The  purpose  of  this  investigation  has  been  to  extend  and  apply  these 
theories  to  the  description  and  optimization  of  the  performance  of  VLF 
receiving  systems.  This  subject,  and  in  fact  the  entire  more  general 
problem  of  noise  performance  with  source  impedances  that  are  inherently 
reactive  or  cannot  be  transformed  to  the  optimum  impedance,  has  apparently 
received  little  attention  in  the  literature.  This  report,  therefore, 
undertakes  the  description  of  the  properties  of  antennas  pertinent  to  the  , 
subject,  the  development  of  a  complete  noise  characterization  of  the 
amplifying  devices  generally  used,  and  the  analysis  and  comparison  of 
performances  of  various  systems.  Although  some  of  the  expressions  derived 
are  of  a  very  general  nature,  no  attempt  has  been  made  to  apply  them  except 
to  the  case  at  hand. 


*  Reference*  are  fiven  at  tha  and  of  the  report. 
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2.  SMALL  ANTENNAS 


In  virtually  all  applications  involving  reception  of  electromagnetic 
waves  at  frequencies  below  about  1  MHz  it  is  impractical  and  generally 
unnecessary  to  construct  antennas  of  resonant  dimensions.  The  “ electric  - 
ally  sma  1 1  ”  antennas  used  at.  these  frequencies  are  generally  satisfactory 
for  reception  in  spite  of  their  poor  efficiency  because  of  the  existing 
high  noise  levels.  Shelkunoff  and  Friis  [1952]  are  referenced  for  a  com¬ 
plete  discussion  of  " electrical  ly  small "  and  “ electrical  ly  short  " antennas 

Antennas  of  resonant  dimensions  couple  the  propagating  wave  to  the 
antenna  circuit,  allowing  power  transfer  at  nearly  100  percent  efficiency. 
This  type  of  antenna  can  be  characterized  by  several  parameters  such  as 
directivity,  capture  area,  and  terminal  impedance.  Since  the  terminal 
impedance  can  be  made  to  approach  the  pure  radiation  resistance  over  al¬ 
most  arbitrarily  large  bandwidths,  by  using  structures  such  as  log  peri - 
odics,  antennas  of  this  type  can  deliver  power  efficiently  to  broadband 
preamplifiers.  Electrically  small  antennas,  on  the  other  hand,  couple 
either  to  the  electric  or  to  the  magnetic  components  of  the  field,  and 
do  not  depend  upon  the  phase  delay  attendant  with  propagating  power.  Such 
antennas  can  be  characterized  by  the  directivity  of  a  small  dipole,  and 
impedance  which  is  predominantly  reactive,  being  capacitive  for  antennas 
that  are  sensitive  to  electric  fields  and  inductive  for  antennas  sensi¬ 
tive  to  magnetic  fields.  In  either  case,  the  radiation  resistance  is 
generally  so  small  that  it  is  negligible  in  comparison  with  the  loss  re¬ 
sistance  of  the  antenna  and  its  matching  network.  Any  lossless  small 
antenna,  regardless  of  its  type  or  size,  has  a  capture  area  Ae  given  by 


(2.1) 


where  Pa  is  the  available  power  at  the  antennB  terminals,  vector  P  is  the 
power  per  unit  area  of  the  wave,  and  K  is  the  wave  length.  or  more 

generally  Pf  —  the  exchangeable  power  introduced  by  Haus  and  Adler  1 1 9593 
—is  the  maximum  power  that  can  be  delivered  to  a  conjugate  match,  assum¬ 
ing  the  only  resistance  in  the  antenna  circuit  is  the  radiation  resistance. 


■MW***** ■%***- *»sn  won  l»MB 


Tin'  inequality  in  Fq.  (2,1)  is  due  to  the  fact  that  the*  available  power 
is  u  function  of  the  polarization  and  direction  of  the  wave  with  respect 
t  o  t  h  e  a  n  t  e  n  n  a  . 

In  practice,  the  available  power  cannot  be  obtained  because  the  an¬ 
tenna  and  its  matching  network  are  generally  lossy,  and  also  because  the 
h  i  gli  antenna  reactance  generally  limits  the  bandwidth  over  which  an  effec¬ 
tive  match  can  be  made  with  a  simple  network.  For  these  reasons,  the 
capture  area  is  not  considered  a  useful  measure  of  the  performance  of  a 
small  antenna.  A  parameter  which  lias  been  found  far  more  useful  is  the 
"effective  volume,  "S,  defined  as  the  ratio  of  energy  stored  in  the  an¬ 
tenna  reactance  to  the  energy  per  unit  volume  in  the  corresponding  field 
of  the  incident  wave.  Consider,  for  example,  a  “plate”  antenna  such  as 
that  shown  in  Fig.  2.1(a),  which  consists  of  two  conducting  plates  of 
dimensions  n  by  ft,  and  separated  by  distunce  d.  An  electric  field  E  nor¬ 
mal  to  the  plates  will  induce  an  open  circuit  voltage 

V'0  ■  Ed  (2.2) 


By  the  usual  definition,  the  “effective  length”  is 


VJL 

E 


(2.3) 


The  existence  of  the  normal  electric  field  and  its  associated  displace¬ 
ment  flux  D  induces  a  surface  charge  density 


<r  -  D  =  t  E 


(2.4) 


where  <-  is  the  permittivity  of  the  surrounding  medium.  The  short  circuit 
current  due  to  the  field  will  then  be 


\ 


=  j  j>t  Eab  a  »  d;  6  »  d  ,  (2.5) 

where  .4  is  the  area  of  one  plate,  neglecting  fringing,  and  co  is  the  angular 
wave  frequency.  For  convenience,  the  capital  letters  used  to  denote  fields, 
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voltages,  and  currents  will  be  considered  rms  values  of  single  frequency 
signals  or  of  noise  in  a  specified  bandwidth,  and  in  general  will  be  con 
sidered  functions  of  frequency. 


The  ratio  of  short  circuit  current  to  the  rate  of  change  of  displace¬ 
ment  flux  yields  an  "effective  area” 


(2.6) 


which  in  this  case  is  equal  to  the  physical  area  of  a  plate,  neglecting 
fringing.  An  exact  calculation  would  show  that  is  somewhat  larger 
than  the  physical  area  of  a  plate.  From  Thevenin’s  theorem 


1 


S 


(2.7) 


where  Ca  is  the  antenna  capacitance.  Combining  Eqs.  (2.2),  (2.5),  and 
(2.7) 


tab 

~T 


(2.8) 


which  agrees  with  the  capacitance  calculated  by  the  usual  methods. 
The  peak  energy  per  unit  volume  in  the  incident  field  is 


If 


f 


If! 


(2.9) 


while  the  peak  energy  stored  in  the  antenna  is 


.o6<f  le| 


(2.10) 


The  ratio  is  the  "effective  volume”  S  defined  above, 


5  *  abd  *  l  A 
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(2.11  ) 
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or  more  genera  1  1  y 


.  Iv. I 

S  '  - 

«*l£|5 

From  the  above  expressions  it  can  also  be  seen  that 


(2.12) 


(2.13) 


Approximate  expressions  for  the  effective  length,  area,  and  volume  for  the 
types  of  antennas  shown  in  Fig.  2.1  ate  listed  in  Table  2.1  on  page  11. 

For  different  forms  or  better  approximations,  consult  the  methods  and 
formulas  given  by  Shelkunoff  and  Friis  [ 1 9523  or  Terman  [1943]. 

It  is  interesting  to  note  that  a  flush  plate  antenna  such  as  Fig.  2.1b 

will  produce  virtually  no  distortion  of  the  fields  if  the  gap  between 

plate  and  ground  plane  is  kept  sufficiently  small,  and  if  its  load  im- 

pedance,  generally  the  preamplifier  input  impedance,  is  essentially  a 
short  circuit.  Furthermore,  the  field  strength  can  be  accurately  cali¬ 
brated,  knowing  only  the  short  circuit  current  and  the  plate  area. 

By  replacing  the  electric  field  and  flux  with  the  magnetic  field  H 
and  flux  B  where 


B  -  ,jII  ,  (2.14) 

and  fi  equals  the  permeability  of  the  medium,  a  similar  set  of  lelations 
emerges  as  shown  i  ii  Table  2.1.  Figure  2.2  illustrates  several  types  of 
magnetic  antennas  for  which  the  effective  length,  area,  and  volume  have 
been  tabulated.  For  other  shapes  or  more  accurate  approximations  the 
previous  references  may  he  consulted.  The  inductance  of  a  magnetic  an¬ 
tenna  is  given  by 


L 


a 


(2.15) 


where  n  is  the  number  of  turns  on  the  antenna. 


(o)  CIRCULAR  LOOP 
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FIG.  2.2  INDUCTIVE  ANTENNAS 

In  an  antenna  with  u  core  of  permeable  magnetic;  material,  such  as 
that  shown  in  Fig.  2.2(c),  the  effective  area  and  volume  will  be  a  func¬ 
tion  of  n  ,  the  initial  permeability  of  the  core  material.  A  good  general 
approximation  results  from  dividing  the  limiting  effective  area  and  effec¬ 
tive  volume  shown  in  Table  2.1  by  a  factor  /&,  where 


In  any  case 


tin*  effective  volume  cannot  exceed 


2va  2 1 /j.  i 
2m 


(2.17) 


X  core  volume 


which  i mp I ies  that  the  best  use  of  a  given  amount  of  core  material  can  be 
obtained  by  extending  the  length  until  this  limit  is  approached. 

A  real  capacitive  antenna  will  have  additional  capacitance  and  prob* 
ably  loss  associated  with  its  feed  point  and  transmission  line  or  match¬ 
ing  network,  as  shown  in  Fig.  2.3(a),  where  Ca  is  the  antenna  capacitunce. 
This  can  be  represented  as  the  equivalent  network  shown,  where 


(2.18) 


(2.19) 


(Q)  CAPACITIVE 


(b)  INDUCTIVE 


FIG.  2.3  EQUIVALENT  CIRCUITS  OF  ANTENNAS 
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(2.20) 


si 


+  C* 


are  the  equivalent  capacitance,  effective  length,  and  effective  volume. 
Another  parameter  which  will  be  found  useful  later  is  the  “  intrinsic 
bandwi dth ,  ” 


(2.21  ) 


The  available  power  output  from  this  real  antenna  is  then 


^0 


(2.22) 


A  similar  equivalence,  shown  in  Fig.  2.3(b),  can  be  established  for 
inductive  antennas  which  are  transformer  coupled.  Here  the  antenna  in¬ 
ductance  is  given  by  L  ,  the  antenna  resistance  ft a,  the  transformer  pri¬ 
mary  inductance  by  L  b,  the  transformer  primary  resistance  fip,  and  the 
transformer  secondary  resistance  by  ft t .  Gs  is  the  conductance  due  to 
eddy-current  losses.  The  parameters  of  the  simplified  equivalent  are  in 
general  functions  of  frequency,  but  in  the  high-frequency  limit  they  re¬ 
duce  to 


1 


_2  L  +  L, 

n  ,  a  I 


o>Ll  »  ft, 


ft,  -  ft,  + 


/f  + 

a  p 


wt,  »  ft, 


K  +  L„ 


ojL  ,  »  ft, 


L»s 

L  *  L 


<±>L  j  ft j 


(2.23) 


(2.24) 


(2.25) 


(2.26) 
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3.  NOISE  CHARACTERIZATION 


It  lias  been  shown,  by  the  IRE  Subcommittee  7.9  on  Noise  [i960],  for 
example,  that  any  noisy,  two-terminal  pair  network  can  be  represented  by 
an  equivalent  but  noiseless  network  with  a  noise  voltage  generator  and  a 
noise  current  generator  at  its  input  such  as  that  depicted  in  Fig.  3.1. 

In  general,  these  noise  generators  will  be  partly  correlated,  which  we 
can  represent  by  letting 

K  -  Vu  +  IJy  -  Vu  +  lnWy  +  jXy)  -  <3.  1) 

where  V  and  /  are  uncorrelated.  For  convenience,  all  noise  sources 

u  n 

used  here  are  defined  as  rms  values  per  hertz  bandwidth.  If  the  amplifier 
of  Fig,  3.1  has  a  voltage  gain  A, 


D-MI3-C 


FIG.  3.1  EQUIVALENT  CIRCUIT  OF  A  NOISY  AMPLIFIER 


Then  the  ratio  of  available  noise  power  to  available  signal  power  at  the 
output  is 


V 2  +  /2  (7 

u  n '  y 


S2Z,)(Zy  +  N2  Z  t)* 


Vl  +  +  N*Rt)2  +  + 

N2  V2 


(3.3) 


where  ~  indicates  time  average,  and  *  indicates  complex  conjugate.  P  /Pf 
lias  a  minimum  with  respect  to  N  when 


Af4 


iV4 

o 


w  *  *!,> 


(3.4) 


The  source  impedance  Z  actually  presented  to  the  input  terminals  of  the 
amplifier  is  then  given  by 


iv;iz,i 


v\  +  / 


2  z 

n 


(3.5) 


If  Hs  is  independent  of  ,\s,  the  minimum  possible  value  of  Kq.  (3.3)  is 
found  for 


R 2y)l/>  ~ 


(3.6) 


which  is  equivalent  to  providing  a  conjugate  match  for  Zn  =  Z*0.  Since 
the  signal  power  available  from  the  source  is 


P 


a  s 


and  the  available  noise  power  referred  to  the  source  is 


(3.7) 
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(3.8) 


r,.  •  al/v{  * 

G*)'/j  -  ]By  , 

(3.14) 

and  transformations  between  the 

Y>  - 

two  descriptions  can  be  made  by 

1  /Zy 

(3.15) 

n  - 

W' 

(3. 16) 

V1  = 

n 

K  *  n*Zy\’ 

(3.17) 

K  - 

Ji/iYyi1 

(3. 18) 

l\  s 

(3. 19) 
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For  the  purposes  of  improving  stability,  controlling  frequency 
response,  and  simplifying  alignment,  it  is  frequently  desirable  to  in¬ 
corporate  negative  feedback  in  low-noise  preamplifiers.  This  will  usually 
result  in  reduced  available  guilt  (ia,  because  for  un  amplifier  with  voltage 
gain  4,  feedback  factor  fi,  and  output  impedance  £out  *  ftout  +  jXaat> 


and 


(3.20) 

(3.21) 


are  the  gain  and  output  impedance  with  feedback,  us  shown,  for  example, 
by  Bode  [1945].  The  available  gain  is  then 


V2  /? 

out1  I 


V2R  ut  fioUtd  -  W 

t  out 


(3.22) 


which  is  reduced  by  negative  feedback  (real  purl,  of  4/3  <  0).  Conversely, 
Ga  may  be  increased  by  positive  feedback  at  the  expense  of  bandwidth  and 
stability,  but  this  is  sometimes  desirable  if  the  second  stage  is  noisy 
and  the  first  stage  gain  is  low. 


Feedback  can  also  be  used  to  change  the  amplifier  input  impedance 
Zin  to  Z'in,  which  may  be  arbitrarily  chosen  from  a  wide  range  of  values. 
The  effect  of  this  on  noise  characterization  can  be  seen  by  referring  to 
Fig.  3.2(a),  an  equivalent  circuit  of  a  noisy  amplifier  with  both  voltage 
und  current  feedback,  represented  by  the  F-mutrix  networks  Yv  and  F  , 
respectively.  The  effect  of  these  feedback  networks  on  gain,  terminal 
impedances,  and  noise  can  be  readily  determined  by  transforming  this  net¬ 
work  into  the  equivalent  shown  in  Fig.  3.3(b),  where 


>',i2  +  „)'* 


(3.23) 


-  >  v  I  2  u  t  +  (^,G,22  >/l 


(3.24) 


where  Fll2,  V  t ,  2  are  the  transfer  admittances  and  G[22,  G'v22  the  real 
parts  of  the  self  admittances  at  terminal  2  of  the  networks  F  ,  F v 
respectively.  T,  is  the  temperature  of  the  lossy  elements  in  the  net¬ 
works.  It  is  immediately  apparent  that  the  noise  voltage  and  current 


16 


(0) 


Yv»* 


rators  V  and  I  which  characterize  the  amplifier,  assuming 

n  n 

V u  +  can  replaced  by  new  generators  defined  by 


V'  + 


(3.25) 
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4 A T'i  f i  o  o 


,  2  2  v  V  2  2 


*  a'v.22 


The  equivalent  feedback  generators  then  become 


^  i  1  I ^  out 


v  r 

i>  1  2  out 


(3.26) 


(3.27) 


(3.28) 


(3.29) 


and  the  resulting  network  can  be  analyzed  by  Lite  usual  feedback  amplifier 
methods,  with  the  result  that  the  available  gain,  but  not  the  equivalent 
noise  generators,  may  be  further  modified  by  the  feedback.  The  total 
effect  is  therefore  that  of  adding  to  the  source  the  physical  elements 
introduced  by  the  feedback  networks  (which  will  modify  the  amplifier  gain 
because  of  source  transformation,  and  may  increase  the  apparent  amplifier 
noise)  and  modifying  the  available  gain  by  feedback. 

Having  included  the  above  feedback  effects  in  the  amplifier  noise 
characterization,  the  performance  of  a  complete  system  can  be  calculated 
by  including  the  thermal  noise  due  to  the  real  part  /)f  of  the  source  im¬ 
pedance  Zs,  still  referring  to  Fig.  3.2.  Assuming  that  the  source  net¬ 
work  is  at  the  temperature  T  ,  this  noise  appears  as  a  voltuge  Vf  in  serif: 
with  Zs,  and  is  given  by 


4ATr/fs 


<  3 .  30  ) 


The  output  no i s e- to- s ignal  ratio  is  then 


k  /2jv+  +  4ata 


(3.31) 


Hy  an  approach  similar  to  Fqs.  (3.3)  to  (3.9),  the  system  noise  temperature 
can  be  defined  as 


P  P 

as  n 


\'i  *  l\\Zy  +  Zj2  +  AKTrP\ 


Tr  ♦  L 


<3. 32) 
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and  the  s i gna 1  -  to- noi se  (per  unit  bandwidth)  ratio  is 

P  V2 

$  s 

T~  =  4AT  /? 

rl  as 


(3.33) 


If  noisy  amplifiers  Aj,  A2 .  A3,  ...  with  respective  available  power  gains 

(in  the  system)  Ga ( ,  Ga2,  Ga3,  ...  and  respective  noise  temperatures  (in 

the  system)  T  ,  ,  T  „  ,  T  ,,  ...  are  cascaded,  the  resultant  noi se- to- signal 

ratio  is 

pn  K(7\  +  Tnl )GaiGa2Ga3  ...  +  KTn2Ga2Ga3  ...  +  ATn3Ga3  ...  +  ... 

_  =  _____ 


(3.34) 


and  the  system  noise  temperature  becomes 


L  2  rn3 

T  +  T  ,  + -  +  — -  + 

r  "l  G  .  G  . G  , 

a  l  a  1  a  J 


(3.35) 


Minimizing  this  Tf  is  equivalent  to  placing  tr  available  amplifiers  in 
the  order  of  increasing  “noise  measure”  M  [llau.  and  Adler,  1959]  with 


f,  “I 

1 


T.  1  * 


(3.36) 


for  t  lie  t  tli  amplifier,  where  ^  +  *s  the  f ami  1  i  ar  "  noi  se  figure,” 

Ta  is  a  reference  temperature  (usually  293°K),  and  Goi  is  the  available 
power  guin. 

If  the  output  of  the  noisy  amplifier  is  subsequently  filtered  by  a 
network  with  transfer  function  J(oj),  the  signal - to-noise  ratio  at  the 
output  will  be 

P,(u,)  2w/,a  f  (a),  )J(«,  )  J*(ctlj  ) 

- -  = - (3.37) 

Pn  t  K  /*  T  (<j)J(u>)J*(co)da) 

0  f 


where  the  signal  is  at  angular  frequency  u>l ,  and  P  is  the  total  rms 
noise. 
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4.  NOISE  IN  AMPLIFYING  DEVICES 

In  this  section  the  noise  characterization,  as  developed  in  Sec.  3, 
will  be  derived  for  three  types  of  amplifiers:  bipolar  junction  tran¬ 
sistors,  junction-gate  unipolar  field-effect  transistors,  and  a  double¬ 
sideband  semiconductor  diode  parametric  amplifier.  Other  devices 
available  at  this  time  do  not  appear  to  offer  significant  sensitivity 
advantage  over  the  above  three.  For  instance,  metal-oxide  semiconductor 
(MOS)  or  "insulated  gate”  field-effect  transistors  behave  very  much  like 
junction-gate  transistors  except  for  three  significant  points:  First, 
the  equivalent  noise  voltage  is  considerably  larger  than  in  a  junction- 
gate  device  of  similar  input  capacity.  Second,  the  equivalent  noise 
current  at  low  frequencies  is  very  much  lower  than  in  a  junction-gate 
device,  and  is  proportional  to  frequency  rather  than  flat,  as  shown  by 
Jordan  and  Jordan  [1965].  Third,  flicker  noise  (also  discussed  by  Jordan 
and  Jordan)  is  a  predominant  effect  to  much  higher  frequencies 
(10-100  kHz)  than  in  junction-gate  devices,  where  it  is  usually  important 
only  below  1  to  10  kHz.  In  ail  three  respects,  the  MOS  transistor  is  re¬ 
markably  similar  to  a  vacuum  tube,  and  in  both  cases  the  disadvantages 
of  the  first  and  last  points  outweigh  the  advantage  of  the  second  point 
for  virtually  all  practical  applications,  since  the  extremely  high  source 
resistance  required  cannot  be  obtained.  Therefore,  they  will  not  be  con¬ 
sidered  further  at  this  time. 

In  the  development  of  noise  performance  which  follows,  flicker  noise 
will  be  ignored  since  it  is  very  strongly  dependent  on  the  particular  de¬ 
vice  involved.  Suffice  to  say  that  parametric  amplifiers  are  by  far  the 
best  in  this  respect;  flicker  noise  being  unobservable  in  one  case 
[Biard,  1963]  at  frequencies  down  to  1Hz.  Bipolar  junction  transistors 
are  intermediate,  with  flicker  noise  cutoffs  generally  in  the  range  of 
100  to  1000  Hz. 

One  type  of  amplifier  that  is  extremely  promising  has  not  been  con¬ 
sidered  here  because  it  has  not  yet  been  thoroughly  investigated.  This 
is  a  double- sideband  inductive  parametric  amplifier,  which  should  be 
ideally  suited  for  use  with  inductive  antennas.  Once  its  noise  sources 
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are  understood,  it  should  be  easy  to  analyze  such  n  device  ns  the  dual 
of  the  capacitive  amplifier  considered  here.  While  ordinury  saturating 
ferrite  elements  could  be  used  as  the  time-varying  inductance  in  a  para¬ 
metric  amplifier,  these  devices  are  known  to  be  noisy.  However,  the  work 
of  Deuver  and  Goree  [1965]  has  led  to  a  superconducting  mugnetic  modulator 
which  is  capable  of  the  necessary  switching  speed  and  should  prove  to  have 
extremely  low  noise. 


4.1  BIPOLAR  JUNCTION  TRANSISTORS 

The  physical  sources  of  noise  in  junction  transistors  are  thoroughly 
discussed  by  van  der  Ziel  [  1 9 58 3 ,  and  his  results  will  be  adopted  without 
further  discussion.  Referring  to  the  equivalent  circuit  of  Fig.  4.1,  the 
signul  source  is  a  voltage  V t  and  impedance  Z  =  R  +  ''jX  ,  all  functions  o 
angular  frequency  o>.  Except  for  notation,  the  internal  noise  sources  V  , 

/ j,  mid  are  those  of  van  der  Ziel’s  model,  as  are  the  base  spreading 
resistance  rfcfc<,  the  emitter  junction  admittance  Yf  '  Ge  +  jBt,  and  the 
collector  junction  admittance  .  Assuming  the  transistor  is  used  in  the 
Common - emi t ter  connection,  which  usually  has  the  lowest  noise  measure 
because  of  its  high  available  gain,  and  letting  1'  *  0  since  we  are  not 

interested  in  extremely  high  frequencies,  the  short  circuit  collector  out¬ 
put  current  is  found  to  be 


«(FS  +  Vh)  +  <*/,(*,.  +  rbi.)  +  [,(ZS  +  rkV  .,+  Zt) 


(Z,  +  '  6  6  '  > ( 1  "  “>  +  Z. 


(4.1) 


FIG.  4.1  NOISY  JUNCTION  TRANSISTOR 
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when;  a  is  the  co  1 1  ec t o r- to- emi  tt er  forward  current  transfer  function 
and  Z ,  ■  \/Yt.  Letting  Jf  *  0,  the  value  of  l’s  can  be  found  which  would 
exactly  cancel  the  internal  noise  sources 

h^,+rbhl  +Ze) 

-Vs(It  -  0)  -  Vn+InZt  =  +»•„,>  + - - - 

(4.2) 

and  U  and  I  are  the  desired  equivalent  noise  sources  referred  to  the 
input,  as  in  Sec.  3.  Collecting  coefficients  of  Zs , 

r6 b'  +  Z» 

^  -  V*  +  Vk»*  +  '2  - - -  (4.3) 


+  -  (4.4) 

a 

But  the  noise  sources,  as  derived  by  van  der  Ziel,  are 

V\  *  4 KTrbb.  (4.5) 

1\  =  4 KTGt  -  2ql,  (4.6) 


(4.7) 


/i/2  =  2  KTY"  (4.8) 

where  K  is  Boltzmann’s  constant,  T  is  the  transistor  temperature,  q  is 
the  charge  of  an  electron,  It  is  the  dc  emitter  current,  Ie  is  the  dc 
collector  current,  and  Y  t  is  the  col  1 ector- to- emi tter  transadmittance. 
Adopting  the  approximations  of  Nielson  [1957],  which  have  been  shown  to 
be  valid  for  frequencies  well  below  the  a  cutoff  frequency  fa,  results  in 


KT 


(4.9) 

(4.  10) 
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•  “«/ i  +  /, 

(4. 12) 

— 

2KT  ,  , , 

=  - (a0  -  |  a | 2 ) 

(4.13) 

wliere  rf  is  tilt;  emitter  junction  resistance,  1 3  is  the  component  of  /2 
that  is  uncorre  1  ated  with  /.  ,  and  a.  is  the  dc  a.  Letting  L  =  V  +i  Z 

i  u  1  n  n  n  7 

and  approximating  a  with 


(4. 14) 


i  +  j  n 


where  Qa  =  ///  ,  the  noise  characterization  is 


/ 


2KT(]  -  ct#  +  n*) 


r,(l 

^  =  2AT(  r e  +  2r66.) 


r,  +  rbb 


(4.  15) 

(4.16) 

(4.17) 


whi  cli  result  in 


7' 


(1  ~ 


-  r  +  2  r .  .  <  + 

2ft  i  '  6  ° 


ao  +  >£<«,  +  +  rtt,)2  T  1 

J 


z 


r  ( r  +  2  r . .  >  ) ( ]  +  Q2  )  2 

*  9  oo  a 


i  ‘  %  +  *1 


+  (*■'  r  'u'i2 


(4.18) 


(4.19) 


Typitul  values  of  these  parameters  for  germanium  and  silicon  transistors 
selected  for  low  noise  at  low  frequencies  are  given  in  Table  4.1. 
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4.2  FIELD-EFFECT  TRANSISTORS 

The  noise  model  of  a  field-effect  transistor  developed  by  van  der  Ziel 
[1962],  and  supported  by  the  measurements  of  Bruncke  [1963],  leads  to  an 
equivalent  circuit  similar  to  Fig.  4.2.  In  this  circuit,  the  signal  source 
is  a  current  1  and  admittance  Y  connected  between  the  transistor  source 

o  a 


GATE  V, 


DRAIN 


9m(V«-Vc)  Idf 


SOURCE 

auwnwu  0-33S3- 12 

FIG.  4,2  NOISY  FIELD-EFFECT  TRANSISTOR 


and  gate.  C2  is  the  capacitance  between  the  gate  and  the  active  channel 
of  the  device,  and  C j  is  the  rest  of  the  input  capacitance,  including 
strays.  The  resistance  r  is  the  ohmic  resistance  between  the  source 
terminal  and  the  channel,  which  is  the  node  labeled  Kc;  and  ga  is  the 
actual  transconductance  referred  to  the  voltage  between  gate  and  channel. 
J  g,  1 s,  and  /e  are  noise  currents  evaluated  below.  Proceeding  as  in 
Sec.  4.1,  the  short-circuit  drain  current  is  zero  if 


/,(1  +  Far,  +  j^r.)  +  I.r,(Yu  +  juCx) 


- [(Fa  +  ;coCj)(l  +  jwC2r  g)  +  jajC2] 


(4.20) 


Collecting  coefficients  of  Ya  and  reversing  all  signs,  which  is  equivalent 
to  reversing  the  phases  of  the  noise  generators, 


V*  +  1>r>  ■  fc 


1  +  joCtrl 


(4.21) 


,.,2 


1„  •  V1  +  JajCirs>  +  I,iuC\rs  +  *« 


C,C2r,  -  MCj  +  C,) 


*■ 


(4.22) 


Letting  /n  =  lu  +  F  Fb ,  we  find  that  an  array  of  admittances  is  necessary 
to  specify  Y  ,  since  the  noise  currents  have  different  coefficient  ratios, 
Labeling  Y  components  witli  the  subscripts  of  the  corresponding  noise 
cur  rents , 

Ju  -  0  (4.23) 


Yyg  -  —  +  -jojC, 


;oj(C1  +  C2 )  *• 


1  +  ;wC, r 


2  '  s 


'flic  noise  current  magnitudes  are  given  by 


(4. 24) 

(4.25) 

(4.26) 


2g/<0 

(4.27) 

— 

4  KT 

/*. 

(4.28) 

r » 

n 

(4.29) 

where  /  u  is  the  sum  of  the  magnitudes  of  all  electron  and  hole  currents 
to  and  from  the  gate.  1 g0  approaches  the  gate  cutoff  current  for  reverse 
bias.  Q  is  the  space-charge  smooth ing  factor,  generally  lying  between  0.6 
and  0.67.  In  any  practical  device,  /*  >>  /*,  and  the  J  term  cun  be 
dropped  from  Eq.  (4.21).  For  tlie  low- frequency  case,  oj Ctrt  «  1,  and 
o*,',,  rf  <<  1,  and 


n 


I.r. 
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1' 


(4.30) 
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vi  ■  *KT  (r, 

n  '  2^., 

'‘y.  '  i“C  1 

Yyc  =  >"(  C1  + 

Since  C2  is  generally  less  than 
includes  external  strays, 

Yy  ■=  jecCt  '  (4.35) 

and 

2<?/f o  +  KT  Ur,  +  [G2  +  (Bt  +  wCj)2] 

r  _ 2  g" _ (4.36) 

"  "  4/rc,  ■  <•  ■-  ;  ■?■ 

v*  .  ' ; 

-  joC,  .  (4.37) 

Typical  values  of  noise  parameters  are  given  in  Table  4.1.  It  must 
be  remembered,  however,  that  the  low  noise  temperature  indicated  cannot  be 
realized  at  frequencies  below  ]  to  10  kHz  because  of  flicker  noise,  which 
generally  raises  not  only  the  minimum  noise  temperature  7*  bpt  also  fl,0. 

4.3  A  PARAMETRIC  AMPLIFIER  ; 

Realization  of  power  gain  by  the  use  of  a  periodically  time- varying 
reactance,  generally  cal  led  " parametric  amplification,”  is  a  well-known 
technique  at  UHF  and  microwave  frequencies.  This  subject  has  been  well 
developed  (see,  for  example,  Blackwell  and  Kotzebue  f 1 96 1 J  mainly  because 
of  the  extremely  good  noise  performance  obtainable.  Some  of  the  same 
techniques  could  be  applied  at  low  frequencies,  but  they  would  be  limited 
to  fixed-tuned  narrowband  systems.  As  will  be  seen  in  Sec. 5,  there  is 
very  little  to  be  gained  over  a  simple  junction  transistor  in  this  case. 


2ql 


*  o 


K7^4r,  + 


2.5 


(4.32) 

(4.33) 

Cj)  (4.34) 

half  as  large  as  Cj ,  particularly  i f  C1 
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Sens  i  l  i  v  i  ty  ran,  however,  be  significantly  improved  by  lowering  the  ampli¬ 
fier  noise  temperature  in  a  “broadband”  application;  that  is,  one  in  which 
sensitivity  is  important  in  a  bandwidth  very  much  wider  than  the  “intrinsic 
bandwidth"  of  the  antenna  system  fl  as  defined  in  Sec.  2. 

One  type  of  parametric  amplifier  capable  of  this  wideband  operation  is 
the  doub  1  e  -  .sideband  capacitive  converter  using  semiconductor  diodes,  such 
•«*  that  described  by  Biard  [  1 9 6 3 ] ,  This  device  can  be  analyzed  by  con¬ 
sidering  the  equivalent  circuit  of  Fig.  4. ,3 .  In  this  circuit  the  signal 
source  is  the  current  /  # ,  at  angul  ar  frequency  oj(  ,  and  the  admittance  Fa , 
where  Y  is  assumed  to  include  elements  which  provide  a  short  circuit  in 
the  vicinity  of  the  pump  frequency  as  described  below.  The  nonlinear 
capacitors  bei  ng  “pumped"  at  frequency  are  represented  by  the  admittance 
matrix  [Vv],  as  described  by  Blackwell  arid  Kotzebue,  Yb  =  Gb  +  jBb  is  the 
admittance  at  the,  output  terminals  pf  the  converter,  and  the  output  voltage 
V't  consist, s  of  the  two  sidebands  Vb2  and  1'y4  at  frequencies  «2  =  <j.  -  cOj 
apd  »  nij  *  "Wj ,  ■'  .respectively.  In  operation,  l  t  is  coherently  detected 
with  respect  to  a  pump  signal  of  the  appropriate  phase,  or  envelope  detected 
with  a  stipe  r  imposed  '  e'firi'i  of ,  to  recover  the  amplified  original  signal.  The 
noise  sources  are  /^;"whi.ch  include  the  diode  shot  noise  and  thermal  resist¬ 
ance  noise  of  the  series  combination  of  diodes,  transformers  and  inductors; 

and  i,  ,  the  additional  noise  added  by  F.\  the  load  admittance.  Since  we 

:  v,,  ,  _  i  b 

have  isliowui  >fn  ,Sec .  3  that  the  input  no  i  se  current  of  an  amplifier  does  not 
have  to  be  related  to  its  input  impedance,  arid  can  be  provided  by  feed¬ 
back  from  a  following  amplifier,  we  will  not  assume  that  1 b  is  the  thermal 
condtk't  anc  e  noise  of  as  Biard  has  done. 


oniM 

FIG.  4.3  NOISY  DOUBLE -SI DEBAND  PARAMETRIC  AMPLIFIER 
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Denoting  the  current  or  voltage  at  frequency  o»t  as  /(  or  Vi ,  and 
expressing  the  time- varyi ng  capacitance  as 


C(t)  =  CQ[l  +  2yi  cos  uj 3t  +  2y3  cos  2a>3tJ 


(4.38) 


the  current  through  the  element  labeled  [Fj  is  related  to  the  voltage 
across  it  by 


-*:2~ 

-W2  -w27j  -uj272 

"1*1  "i-  "1*1 

ni 

"4*1  "4  _ 

^4 

(4.39) 


Subscripting  components  of  the  voltages  and  currents  of  Fig.  4.3  ac¬ 
cording  to  frequency  and  letting  Ya  be  infini  te  at  a>j  and *  »'.♦  -o). 
and  letting  Yb  be  infinite  at  *  0),  we  can  write  three  independent 

equations  for  the  sums  of  current  components  at  nodes  A  and  B\ 


0  » 

*.» 

-  *:, 

■  +  >wico> +  >"ico*iyia  +  >"ico*i^4 

(4.40) 

0  = 

*62 

+  *;«* 

‘  W2  +  7^c,(K;a  -  y,Fal  +  72Fm) 

(4.41) 

0  = 

*64 

+  *;4 

-  V*4  -  -  *1^.1  +  n4> 

(4.42) 

For  pump- f requency  resonance  at  node  B,  letting 


resul ts  in 
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(4.43) 
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(4.45) 

(4.46) 
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VM0  -  /i[“rf,s2  -  a02Sj  +  >«1C4]  +  /2*[a0s2  “  <Vj  “  js2Yj 


+  M(K.  +  >°0 )(Gi  T  >a02>  "alrfl^ 


(4.49) 


£’  ■  O'.  +  >«0>  t(Gt  +  +  >fl04>  “rf2s23 

+  a,s,(Ct  +  >a02  +  >rf2)  (Gt  +  >a04  -  ;«2)  .  (4.50) 

The  process  of  optimum  detection  amounts  to  multiplying  Vb  by  a  pump- 
frequency  carrier  at  one  of  the  two  phases  which  result  in  the  signal 
components  of  Vh2  and  4  appearing  in  phase,  followed  by  low-pass 
filtering.  This  is  equivalent,  in  our  notation,  to  cross-multiplying 
Eqs.  (4.48)  and  (4.49)  by  unit  phasors,  each  having  the  phase  angle  of 
the  /  coefficient  of  the  opposite  equation,  and  adding.  Performing  this 
operation  and  letting  -  co^  0  =  Wj  ~  o>2 ,  since  Wj  »  tUj  ,  we  can  set 
the  detected  voltage  to  zero  and  solve  for  /.  : 


Jya  ~  an  + 


2Ct(>«,p,  “  ja9p 2  ~  P2Y,) 

Pi  +  6i 


where 


(Pi  ~  C|)(o0  -  jY„)  -  2 o1P1P2 
p*  +  G? 


(4.51) 


Pi  -  a,3C0>2 

If  the  noise  current  /'  consists  of  a  true  current. across  [jf^]  and  a 
current  equivalent  due  to  the  effect  of  an  uncorrelated  noise  voltage 
in  series  with  [P  ],  the  component  of  /'  is 


/I,  "  K  +  VJY'  +  ja  0)  (4.52) 

which  results  in  an  equivalent  source  noise  current  and  voltage 

*n  4  v  •'  0  v  42  +  I4 

2p1(G2t+p|)  J  |_  2p,(Gj+p|) 

(4.53) 


(4.62) 


-  2,/f0 

Yy  -  >w,C0  .  (4.63) 

Table  4.1  includes  predicted  values  of  noise  parameters  calculated  from 
the  assunptions  above  for  typical  values  of  component  characteristics, 
although  this  performance  has  not  been  completely  experimentally  verified. 
It  should  be  pointed  out  here  that  the  choice  of  making  Gk  infinite,  while 
it  minimizes  noise  temperature,  may  net  always  minimize  noise  measure, 
because  available  gain  is  reduced.  At  the  same  time,  this  choice  maxi- 
mizes  amplifier  bandwidth  and  stability,  and  may  be  used  for  these 
reasons.  Although  the  performance  of  this  type  of  amplifier  appears 
very  similar  to  that  of  a  field-effect  tiansistor,  the  obvious  advantages 
of  the  parametric  amplifier  are  in  the  designer's  ability  to  choose  diodes 
from  a  wide  range  of  capacities  to  make  Yy  match  a  given  source,  and  tjhe 
virtual  absence  of  flicker  noise  obtainable.  , 


Table  4.1 

TYPICAL  NOISE  CHARACTERISTICS  OF  AMPLIFIERS 


PARAMETERS 

SILICON 

TRANSISTOR 

OEftlANIUM 

TRANSISTOR 

FRT 

PAHAMP 

1. 

9 

|  2  ) 

\  n  / 

3  *  ’.O"17 

6  *  10' 18 

o 

1 

o 

( 1 0“ 1 9 ) 

C 

(<?) 

7  *  10" 26 

4  X  10"25 

<10"2B) 

(ll-27) 

3. 

My  1 

v 

3,00(1 

400 

(01 

(0) 

1. 

'l) 

© 

(fi) 

’  .  1 

j  '  ,  ' 

(30) 

(5) 

(100) 

5, 

«... 

(  V;  ) 

AO 

!  .  . 

20  A 

t  K 

(ll)'6) 

_4 

(10  ) 

li. 

'^c 

(.3 

55 

4 

0.4 

n 

7- 

P 

27/ 

III6 

3  x  10b 

3  x  ll)4 

■ 

1.5  x  10: 

K*  p  la  rial  tons  : 


1*5:  Parentheses  indicate  ad  in  i  t  lance  chtrac  ter  nation. 
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4-5 :  Tlie  uiaimum  tourer  i»  H  ^  ~  H  jX. 


or 

)  =  -  )#  . 

\  O  AO  ' 

h:  Device  noise  temperature  T  when  %  "  % 

n  s  so 

or 

1  F 


n 


Intrinsic  bandwidth  w 


S.  RECEIVING  SYSTEM  SENSITIVITY 


In  the  previous  sections,  the  characteristics  of  the  essential  parts 
of  a  sensitive  VLF  receiving  system,  namely  the  antenna  and  the  preampli* 
fier,  have  been  investigated.  It  remains  to  put  them  together  to  see 
what  can  be  said  about  the  capabilities  of  a  complete  system.  The  critical 
problem  is,  of  course,  that  of  transforming  the  inherently  reactive  source 
as  nearly  as  possible  into  the  optimum  for  a  particular  amplifier.  This 
is  called  "noise  matching”  and  has  been  shown  in  Sec.  3  to  be  equivalent 
to  inserting  a  lossless  network  between  source  and  preamplifier  which  would 
transform  the  source  to  conjugate-match  the  impedance 

Z* 

SO 

=  /?  -  jX 

s  o  J  s  o 

=  *  j-Xy  (5.1) 

This  problem  can  be  split  into  two  parts,  each  of  which  is  an  example 
of  the  problem  of  matching  a  complex  source  impedance  to  a  resistive  load 
for  maximum  power  transfer  over  the  widest  possible  frequency  range.  A 
special  case,  that  of  a  parallel  conductance,  capacitance,  and  current 
for  the  source,  was  first  treated  by  Bode  [1945];  the  general  solution 
was  demonstrated  by  Kano  [1950]* 

Following  Fano’s  approach,  we  can  represent  our  problem  as  in 
Fig.  5.1(a)  by  two  sets  of  lossless  networks,  (N^Nj)  and  (NjN4),  terminated 
at  each  end  by  unit  resistance.  If  the  antenna  terminal  impedance  is  Zt  , 
let  Vj  be  a  network  such  that  the  impedance  Z }  looking  into  N,  is 

Z2  ■  Zt  ■  +  jXa  .  (5.2) 
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FIG.  5.1  NETWORKS  FOR  MATCHING  ARBITRARY  TERMINATION  IMPEDANCES 


l  I  the  impedance  looking  into  .V-,  from  the  same  point  is  Z 3  us  shown, 
the  correspond i ng  reflection  coefficients  a  re 


^  -  z\ 

z2  +  z3 


f'i 


(5.3) 


(5.4) 


for  which  it  is  clear  that  I  /  2  i  *  In  (act,,  the  magnitudes  of  all 

reflection  coefficients  in  a  chain  of  lossless  networks  must  be  equal. 
Now,  Kano  has  shown  that  a  lossless  network  N 2  can  be  realized  which  will 
present  a  reflection  coefficient  f.  ;  to  a  unit  resistance  as  shown, 
p rov i ded 


where 


n  *  — 

0  L, 


L 


(normal i zed ) 


(5.6) 


in  the  general  case  if  the  first  element  at  terminal  1  of  Ni  is  a  series 
inductor  L.  for  the  normalized  termination  or  L  if  the  termination  is 

1  O 

Ba .  Similarly,  if  the  first  element  is  a  shunt  capacitance  Ct  (normalized) 


Q 


C| 

G 

a 

c . 


(5.7) 


in  the  general  case.  The  intrinsic  bandwidth  fia  is  thus  the  same  param¬ 
eter  called  f)  for  the  antennas  described  in  Sec.  2.  Molt  other  cases 

a 

of  interest  can  be  converted  to  one  of  the  above  by  the  general  lowpass- 
to-bandpass  transformation.  Obviously,  if  is  finite,  p +  must  approach 
unity  except  in  some  finite  bandwidth  called  the  passband. 

Having  determined  a  bound  on  bandwidth  as  a  function  of  reflection 
coefficient,  we  next  investigate  the  relation  between  sensitivity  and 
reflection  coefficient.  If  NA  of  Fig.  5.1(a)  is  a  lossless  network  such 
that 


Z7  =  Z 

7  it 


+ 


where  Zn  is  the  “noise  load”  of  Eq.  (5.1),  and  Zf 

z  -  z* 

B  6 


Solving  for  Z6, 


z  +  z. 

i»  4 


I  -  p T 


-  JX 

l  *  p7  y 


(5.8) 

+  jXt,  we  find 

(5.9) 

(5.10) 


and  fr  oni  Kq .  (3.9), 


V2  +  1 2 


1  -  p. 

1  +  P, 


+  ft. 


\K  R  c  f  ft 


1  ~  P7\ 

1  +  P7, 


(5.  11) 


where  Re  denotes  “the  real  part  of”.  Noting  from  Eq.  (3.6)  that 

*  s 


ft. 


=  *»a 


(5.  12) 


after  a  tedious  bit  of  algebra  we  find 


l'X[  1  “  \r„\  )  +  ^jl2n  +  HWi  1  *  lpj2> 

2K ( 1  -  lp„i  2  ) 


(5.  13) 


where  p  -  p7  is  the  "noise  reflection  coefficient,”  or  reflection  coefli  ■ 
e  lent  with  respect  to  the  "noise  load”Zn,  in  the  general  case.  Of  special 


note  is  the  case  for  liy  =  0,  when 


+  l/„ M ) 

2K(1  -  Ip  !  2) 


(5.14) 


Consider  now  the  network  of  Fig.  5.1(b),  which  consists  of  the  same  net* 
works  as  in  (a),  except  that  the  inner  terminations  have  been  removed 
and  Terminals  4  of  Yj  have  been  joined  to  Terminals  5  of  (V3.  Since  the 
networks  seen  looking  into  Terminals  2,  4,  6,  and  7  are  unchanged,  the 
corresponding  impedances  are  unchanged.  In  general,  however,  the 
remaining  impedances  and  all  reflection  coefficients,  shown  primed,  will 
be  different.  We  will  denote  by  lpn  I  the  magnitude  of  all  since  they 
must  be  equal.  Since 


Z4  -  1 

z4  -  1 

-  1 


(5.  15) 

(5.  16) 
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*5 

*3  +  ** 


we  can  solve  for  a  bound  on  p\  as  a  function  of  p4  ami  p5, 

l/J4l  +  IP5I 


\P. 


Uil  £  1  *  Ip. I  Ip, 


15. 17) 


(5. 18) 


Since  Network  Ni  is  realizable  if 


In  —  dco  <  ttH 

P  s  '  P 


(5.19) 


where  Qp  is  the  intrinsic  bandwidth  of  the  preamplifier  "noise  load,” 
some  typical  values  of  which  are  shown  in  Table  4.1,  we  can  now  calculate 
the  upper  bound  on  theoretical  system  njbise  temperature  as  a  function  of 
operating  bandwidth  co  ,  antenna  intrinsic  bandwidth  fl  ,  and  preamplifier 
noise  parameters  and  Z  (or  their  duals).  First,  define 


pa  ;4  Max  IpJ 


P„  ;  Max  |ps 


(5.20) 


(5.21) 


where  p  K  and  are  desired  functions  of  o>  which  meet  the  conditions  of 
Eqs.  (5.5)  and  (5.19),  respectively.  Combining  Eqs.  (3.32),  (5.13), 
(5.18),  (5.20)  and  (5.21),  the  system  noise  temperature  Tt  is  bounded  by 


KT  <  KT  + - -  + 

r  2 


1%  (VX  *  Ed  +  PlHl  +  P\)  +4 oaPp] 


2(1  -p,2)(l-ppa) 


KT0+  I r 


p\(  1  +  cr)s 


(l-p*)(l-<r*p») 

(5.22) 


where  T0  ■  Tf  +  Tn  0  is  the  minimum  possible  system  noise  tempersture 
cr  «  pf/pt,  and  If  is  an  auxiliary  noise  psrsmeter  defined  ss 

M 


W  i  (F8/2  +  ft*/4) 
»  (i  y  b 


(5.23) 


or  its  dual. 
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Assuming  that  cr  should  be  a  constant  to  make  optimum  use  of  the 
restraints  on  pa  and  pf  ,  it  can  be  evaluated  by  considering  the  case  of 
holding  p#  and  pf  constant  at  their  optimum  values  over  bandwidth  o>e 
from  ujj  to  o)J(  and  letting  them  equal  unity  outside  the  band.  Then 


In  —  cfcj 
Pa 


2  1 
In  —  do) 
Pa 


oj  In  —  =  rrfi 

*  Pa 


(5.24) 


Combining, 


co  In  -  =  ttQ. 

c  p  P 

^ P 


7T(n  -  n  > 

a  p 


(5.25) 


(5.26) 


is  the  optimum  value. 

To  attack  the  inverse  problem  of  determining  the  bandwidth  within 
which  a  specified  maximum  noise  temperature  function  Tt,(zo)  can  be  main¬ 
tained,  we  solve  Eq.  (5.22)  for  p# 


1  +  cr2  t  ( 1  +  cr)  2/3  -  { [l  +  a3  +  (1  +  cr)2/?]2  -  4cr2} 

P\  - - 

2a2 


where 


[i  »  /3(<o)  ■ 


[KT't(co)  -  T0]  * 


(5.27) 


(5.28) 


Evaluating  (5.27)  for  cr  ■  0(fi,  ~  >>  ) 


p2(cr  «  0)  * 


1  +  H 


(5.29) 


and  for  a  ■  1(f)  ■  fl  ) 

P  9 


p2  (cr  -  U  -  1  +  2[0  ~  (P2  +  /3)*1 


(5.30) 


hxample  1:  <j  »  0,  T t  (  constant  from  o>j  to  a>l  +  a>( . 


aj ,  +tu 
'  I  e 


1  1 
In  -  dco  a  — 


W]  +  W  f 


In  (1  +  fl)dco  »  -y  in  (1  +  )  (5.31) 


In  (1  +  & ) 


in  1  + 


«(>•.,  -  n 


(5.32) 


T,i  >  Tt  + 


K  exp 


(5.33) 


Tin*  coefficient  rj  is  shown  in  Fig.  5.2  as  a  function  of  ooc/pa  for  several 
values  of  (2KTQ/W)  from  1,  the  lowest  value  it  can  have  (Tng  ■.*);  to  50, 
corresponding  to  TV  =  6 °K  for  room  temperature  operation.  The  bandwidth 
advantage  of  low  noise  temperature  is  apparent. 
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FIG.  5.2  SENSITIVITY  LOSS  v».  BANDWIDTH  FOR  FLAT  REFLECTION 
COEFFICIENT 


Kxamplc  2: 


0 ,  7's  j  =  Tq  (u-v^q)  for  uj  >  a). 


The  object  of  tliis  example  is  to  determine  whether  un  infinite  bandwidth 
is  available  above  a  given  minimum  frequency  by  allowing  the  system  noise 
temperature  to  rise  linearis  with  frequency  (3  db  per  octave).  For  this 


1  +  a 


1<J  "  i1  "  AT, 


(5. 34) 


In  (1  +  p)du> 


P  UP-  A  -  ,  . 


If  \  /“  j 

-J ln  u  ■ 


(5.35) 


For  the  matching  network  to  be  realizable,  ,1/  must  be  less  than  2rrU  A*-’.  , 
which  it  is  for  certain  values  of  t>.''cuQ  and  W/KTQ .  In  fact,  it  is  real¬ 
isable  for  -  L,  or  T  U,  )  -  T0,  for  uJj/Ua  <  A(lf'/A7’0).  While  the 

function  .V  has  not  been  determined  in  general,  it  is  about  17.2  for 
lf//(T0  -  1  3,  a  reasonable  value  for  transistors.  Furthermore,  7’s(,e.  )/T0 
rises  so  slowly  for  u>l  >  A'  that  it  can  generally  be  ignored.  For 

instance,  for  II  AT0  =  L  '3,  7’t(  o1  =  ).OA')/T0  «-  1.25,  or  l  db. 

Now  let  us  consider  what  these  limits  of  noise  temperature  mean  in 

terms  of  limiting  the  sensitivity  of  a  receiving  system  using  a  small 
antenna,  such  us  those  described  in  Sec.  2.  Defining  Eg  as  the  (rms) 
electric  field  incident  on  a  capacitive  antenna  which  produces  an  output 
amplitude  equal  to  the  system  noise  in  a  1-llz  bandwidth,  we  can  set 
/’  -  P  in  fq,  (3.33),  and  find 


(5.36) 


Substituting  into  F.q.  t2.22), 


F2  KT 

0  S 


(5.37) 
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Similarly  for  inductive  antennas, 


H 


2 

0 


4fl  KT 

a  t 


ui2)jS 


(5.38) 


As  a  practical  example,  the  threshold  field  strength  E0  for  a  *  0,  Tfl 
constant  in  bandwidth  u>c  is  given  by 


(5.39) 


which  has  its  minimum  value  for  o>  =  0 


-  o)  =  ei 


\&KTn 


00 


CO 


2eS 


(5.40) 


and,  in  general, 

n  ■  e2o<,v 

where  tj  is  defined  in  Eq.  (5.33)  and  shown  in  Fig.  5.2.  Several  examples 
of  theoretical  threshold  field  strength,  normalized  to  1-Hz  noise  band* 
width  and  1  m3  effective  volume,  are  illustrated  in  Fig.  5.3  as  a  function 
of  frequency.  These  plots  apply  either  to  electric  fields  in  free-space 
permittivity  or  to  magnetic  fields  in  free-space  permeability,  for  noise 
parameters  typical  of  a  transistor  preamplifier  operating  at  room  tempera¬ 
ture.  Except  for  the  1  ines  labeled  Eqq,  which  are  the  limiting  values 
for  small  Oandwidth,  each  line  represents  an  example  of  the  lower  limit 
of  broadband  sensitivity  when  the  passband  is  bounded  by  the  vertical 
arrows.  Arrows  on  the  sloping  lines  indicate  infinite  extensions. 

All  light  lines  are  for  an  intrinsic  antenna  bandwidth  of  10  Hz, 
while  heavy  lines  are  for  1  kHz.  The  dotted  line  is  the  locus  of  £00 
for  a  typical  antenna  system  with  10-Hz  intrinsic  ( low- frequency )  band¬ 
width  but  maximum  Q  of  500  at  10  kHz.  The  examples  parallel  to  £grj  are 
for  constant  Tt  (  and  clearly  show  the  effect  of  passband  by  their  dis¬ 
placement  from  £00.  Among  the  1-kHz  intrinsic  bandwidth  curves,  the  one 
for  the  0-to-10-kHz  passband  is  about  2  db  above  E00;  for  10-to-30  kHz, 

3  db;  and  for  0-to-100  kHz,  8  db.  The  0-to-10  kHz  passband  with  10  Hz 
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intrinsic  bandwidth  is  17  db  above  its  £00,  or  only  5  db  below  the  same 
passband  with  l*kHz  intrinsic  bandwidth.  The  lines  of  less  slope  repre 
sent  possible  sensitivity  limits  of  the  type  in  Example  2  above,  where 
noise  temperature  is  linear  with  frequency  above  a  lower  cutoff,  shown 
by  the  vertical  arrow.  Although  theoretically  infinite,  the  passbands 
will  be  limited  in  practical  cases  by  circuit  Q. 


6.  SUMMARY  AND  CONCLUSIONS 


The  basic  difficulty  in  optimizing  the  noise  performance  of  receiving 
systems  which  must  use  an  electrically  small  antenna  is  the  lack  of  a  com¬ 
plete  noise  theory  for  a  reactive  source.  This  report  has  attempted  to 
udd  to  this  theory  in  three  areas: 

First,  the  various  types  of  small  antennas  have  been  put  on  a  common  basi 
of  comparison.  The  parameters  of  effective  length,  effective  area,  effective 
volume,  and  intrinsic  bandwidth  have  been  defined  for  antennas  sensitive  to 
electrical  fields  and  for  those  sensitive  to  magnetic  fields.  These  param¬ 
eters  have  been  evaluated  fora  number o f common  antenna  structures. 


Second,  a  general  method  of  describing  the  noise  performance  of  any 
amplifier  has  been  developed  in  both  of  its  dual  forms.  This  particular 
characterization,  based  on  compl ex- cor rel a  ted  input  noise  voltage  and 
current  generators,  was  chosen  out  of  many  possibilities  because  it  is 
easily  applied  to  the  problem  of  determining  noise  performance  with  an 
arbitrary  source.  These  noise  parameters  have  been  evaluated  for  several 
types  of  amplifying  devices. 

Third,  the  ultimate  theoretical  limits  on  sensitivity  have  been  ex¬ 
plored,  and  a  general  method  of  determining  the  bounds,  in  terms  of  the 
parameters  introduced  in  the  previous  sections,  has  been  developed.  These 
bounds  have  been  evaluated  in  several  examples. 


While  theoretical  limits  of  sensitivity  have  been  determined  in  this 
work,  it  has  been  assumed  that  an  infinite  number  of  lossless  elements  may 
be  used  in  the  matching  network.  In  a  practical  application,  an  approxi¬ 
mation  to  the  desired  reflection  coefficient  function  must  be  found  which 
will  result  in  a  physically  practical  network,  a  subject  beyond  the  scope 
of  this  work  except  for-a  few  general  comments.  For  passbands  that  are 
not  much  wider  than  the  intrinsic  bandwidth  of  the  antenna,  very  simple 
coupling  networks,  such  as  a  single  tuning  element,  will  provide  near¬ 
ideal  performance.  It  is  also  apparent  that  as  preamplifier  noise  temper¬ 
ature  is  lowered,  the  bandwidth  avialable  at  a  given  sensitivity  is 
increased  or  the  number  of  elements  necessary  in  the  coupling  network  is 
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reduced.  '  For  phis  reason,  as  well  us  the  ease  with  which  its  optimum 
source  impedance  can  be  adjusted,  the  parametric  amplifier  appears  to 

warrunt  considerably  more  studv, 

‘  '  v  \  '  •: 

It  has  also  been  shown  that  the  magnitude  of  the  optimum  source  im-  1 
pedance,  assuming  that,  its  phase  angle  cannot  be  .adjusted,  is  always  the 
ratio...  of.  [equivalent  input  short-circuit  noise  voltuge  to  open-circuit 
noise  c'urreli-t.  This  is  extremely  useful  when  complicated  matching  net¬ 
works  ,cqnnot  be  used,  since  these  noise  parameters  are  relatively  easily 
iri.e astir, ed.  This  jobservatibn  also  shows  that,  when  simple  coupling  net¬ 
works  are  required,  preamplifiers  with  capacitive  inputs,  such  as  FKT’ s 
or  parampii,  a)re  inherently  better  suited  to  capacitive  antennas  than  to 
inductive  antennas.:  Conversely,'  an  inherently  inductive  d reamp l i f i e r , 
suc’lli  as  an  inbu'ct  ive  pa  rump,  is  needed  to  mutch  inductive  antennas. 

Filially,1  some  comments  about  the  environment  of  the  system!  are  in 
■  '  t  .  .  .  I  . 

order.  Fob  'i  nstaiice,  if  low-noisi1  preamplifiers  and  efficient  coupling 

networks  are  used,  a  large  portion  of  the  system  noise  may  |»e  due  to  'loss* 

resistance  in  the  aiiteunu  system.  Operation  of  the  los  sy  it;  l  eme>n  t  s  lower 

i:  .  .  .  1  Y  !’  !  , 

temperature  will  (hen  improve  sens/ in.  i  tv.  '  i,V’ 

1  *’ .  i  1  v';i  ill  (  1  n  ■  .  .  i; 

In  iiWiny  applications  the  limit  of  sensitivity  will  ibe\  sdt|  by  bxt'erngl 

'  m  V  .  ’•  „  .  .  V  1  ,  ....  >■  l,j  .j.'ji  <  U,  Yij 

noise,  .fifuch  as,  sfejrics,  precip  i  tution  suiie^'.oi'  power-  li^iv  harlinpntjy.s/:,  \ 


Since  these  are  impulsive  or  periodic  noises  bathe1!1  til  an'  Gmias  i  uiii,  ,they 

’ 1  .  ■  1  ■  'i  i  i  .  l 

can  be  reduced  by  methods  reported,  elsewhere*  I  I'  (  In,1  .anteulna  j i si‘  immersed 

in  a  conducting  ine.di.uiui  however.  irreducible  noise  sources  ma;y  She  added 
corresponding  to  the,  loss  coupled  Sato  the  antenna ^(i,t  tlie  jtomp|i;'nit  up’e  of 

the  medium.  If  the  medium  is  a  plasma  there  w'i  1  l'i  alsh  bb  (shift  „no  i  sc  due,, 

I  •  r  !  (  'i  W  .  .  y  ‘ 

to  the  random  motion  of  charged'  pahi  el.es  i  p  the  1  v  i  e  i'lVj,  ty;1  o  1  the  Untcninii.  | 

’  ■ ■  i ;  ■  .  Ii  \  )'  1  1  .  i'Y 

While  the  sensitivity  limits  .derived  aije  qu  i  te  fllirj^rul ,  'it  Inust  bt>,y  | 
pointed  but  that  tlie>  git1  e  g  i  vbn  >i  n  terms  ,b  futile  efee|,r'rc  field'  a, nd  'acjj,qu'lj<1  |'u 
permittivity  for  eapai'ittve  auteunay.  and  ill  t  o|tins  hi  the  magnet;!  i:  liulil  ' 
and  aitual  permeability  tor  i  iidec  t  i  ;v  e  an^ypuMis.  1  K  j  k  i  apparent  \U:ut 
antennas  can  be  constjrubt  ed  whlicli  will  aff'bw  i\c  in  r.it,|i  ntfdasu  remen  t  of  nrjy 
one  of  the  lour  basic  lield  qi|,a«t  i  1 1  eW.  o^r  bplli  quantities  of  one  type  if 
antenna  impedance  is  also  measured.  Fropie.r  1  v  designed  antennas  of  one 
tvpe  are,  of  course,  r el  at i vel \  immune  Uj  iiflds  «f  the  opposite  type. 
Shielded  or  single- tut  n  spiral  |  loops,  for  iiistance  ,  ;  a,r  e  i  i*s(tns  it  i  ve  id 
electric  f  i  el  ds ;  v  wfi  i  l  e  plates  and  di,pdlev  are  in&ei»*etti'Vp  to  magnetic 
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fields.  Relating  electric  to  magnetic  fields,  or  to  propagating  power 
density,  requires  independent  knowledge  of  the  propagation  constants. 

Also,  the  proper  value  of  n  or  ,u  must  be  used  in  sensitivity  calculations. 
This  is  particularly  difficult  for  a  capacitive  antenna  in  a  plasma,  where 
e  is  comp  ex  and  variable.  In  addition,  the  existence  of  an  ion  sheath 
may  alter  che  apparent  £  and  the  actual  sensitivity  considerably. 
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